


TCC Week 6
.

Example .

- Bu - ¥1k = 0 in BT

Take u=r& as an
"ansatz

"

.

- Art - f- rt = - d(d+N -2) f-2 - art-2
I 0 if I > d+

= - d(d+N - 2) - e.
" { = 0 if d- td<d+c- 0 if I ← d-

-9-1 Denote d- < It roots_n-←?→[_g - d(d+N - 2) =e ,he
< Cµ = 1M¥

-• - . . . - c- -←
- d( I -1N -2)



r£ - is minimal solution __

optimalsmallsubsoerdt.tt-

is Agnon's solution - optimal large subset
A rdt

A O<e e< 0

:¥m÷;tÉM÷



Nonlinear Liouville theorems

Consider nonlinear equation
G) - All = UP in D= IR

"
- BT
,
N >3
, PE1R

0EU EH'e•o (D) is a nonnegative weak superset
if Sonora > Supe feed? (e) , 4=0
a 8

Remarks : c) UPEL¥152)
2) - BU > UP

,
4>-0 ⇒ - All 7- 0

⇒ he is superharmonic



Theorem
. ( Severine 76 ')

G) has positive supersee ⇒ p >E-
Serriu critical exponent

⑧ Difficult part is nonexistence .

e) Trivial case p= I Take a lle CE (D)
urlx)=u(¥) →¥É"o
Start ? - flier / 2 = RN-296412 - R ' 542 -o - a

Rota

By AAP - all > k has no positive
supersolutions in D .



1) Assume p > 1 ( super linear ease)
Assume 3- u > 0 : - DU > UP inR

.

Then -DU70 in D

⇒ u=ein BT
,
R > 1 .

Linearisation step :
- All 7-④ u z er

'

/ × /
G-DIP -1)

u ing

V4)~ linearization potential
? G-N) (p - 1) > -2 ⇒ lips f→



- All > 1×10 u in R
, (8=12-n) / p -D)

j > -2 if p< ¥2
⇒ U=- 0 by sealing argument

and AAP principle , just as before!

Critical ease p= ¥2 ?

- DU > elxl
-2
u in R - Hardy potential!

If we were to know that e- eµ ⇒
⇒ UE0 = nonexistence

.



Assume 0< es CH . Then

-All = £-12k in 8

Then U = elx/
d-

in BI

and 2-N < d- < 0
.

Now repeat
linearisation trick with "

improved
" estimate:

- DU >④ P - 1) u
,
V4) - up

"

> e.HIP
""
;

¥

( p - 1) d- > -2 ⇒ nonexistence (u=o)



① - ou - u = o

p
- I < 0 ⇒ lower bound on U gives upper found

on V6)
Upper bound from large subsolutions
is not a pointwise bound .

We can say - Bu > 0 ⇒ limit u > a

⇒ eimsup V4) < e ? !
Linearisation argument fails .



Lemma A - All > UP in8
, p

- I

⇒ use 1×1% in BE

⑧ uses AAP + weak Harnack B

Exercise : check that

↳G) = a / ✗/% is a solution to

- DO * = U*P for some e- 0

Hint U*P
"

= eP" 1×1-2



Case pal - nonexistence

By Lemma g
U = a / ✗ I
÷
→ + as as 1×1→•

By Phragoueu -Lindelof , liiuiuf U < +a1×1- as

- a contradiction !

⇒ u = o B



Exercise: -Bu - Ipu = UP in 52
,

a set, (otherwise -All - ¥2420 ⇒ u=o

has a positive super -solution ⇒

pal [ I - IT , I - I] 1- ⇐
"

=

"

- as

if a> 0
1-I

,
1-I#;¥→p

1) e- o ⇒ je Lo , ¥]
2) e-- ex ⇒ p -4 [- as , %→]

3) eco ⇒ p¢ [ 1- ¥ , I - I]



Hint
.

Assume pal .

'

Lemma A remains iralid with no changes :
- All - ¥, he = up ⇒ us a# ÷p

By Phragmeu - Lindelof
ein in 9- :# < + as

4- < ⇒ ⇐ p > I - £
,



Existence is trivial :

U -er
✗
is a super

solution
for a suitable 8 in the existence

regions !

- All + UP = 0 inR


